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Àôôèííûå ãèïåðêâàäðèêè â Rn

Ìíîæåñòâî òî÷åê x ∈ Rn, êîîðäèíàòû êîòîðûõ óäîâëåòâîðÿþò
óðàâíåíèþ:

q(x) + b(x) + c = 0 ,

ãäå q(x) =
∑

i aiix
2
i +

∑
i<j 2aijxixj − êâàäðàòè÷íàÿ ôîðìà (ÊÔ),

b(x) = b1x1 + . . . + bnxn − ëèíåéíàÿ ôîðìà (ËÔ), à c − ÷èñëî,
íàçûâàåòñÿ àôôèííîé ãèïåðêâàäðèêîé èëè àôôèííîé
ãèïåðïîâåðõíîñòüþ 2-ãî ïîðÿäêà (äàëåå Ã)

Ïðèìåð: x2
1 − 2x1x2 + x2

3 − x1 − 2x2 − 3x3 + 5 = 0 − Ã â R3

Ã â R3 íàçûâàþòñÿ ïîâåðõíîñòÿìè, Ã â R2 − êðèâûìè.
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Òåîðåìà êëàññèôèêàöèè

Äëÿ ëþáîé Ã íàéäåòñÿ ñèñòåìà êîîðäèíàò (íàçûâàåìàÿ
êàíîíè÷åñêîé), â êîòîðîé óðàâíåíèå Ã èìååò êàíîíè÷åñêèé âèä:

q(y) = a1y
2
1 + . . . + ary

2
r + yr+1 = 0 , ãäå ai = ±1 èëè

q(y) = a1y
2
1 + . . . + ary

2
r + a = 0 , ãäå ai = ±1, a = 1; 0

×èñëî r íàçîâåì ðàíãîì Ã.

Ïðèìåð 1: y2
1 − y2

2 + y3 = 0 (ãèïåðáîëè÷åñêèé ïàðàáîëîèä, r = 2)
Ïðèìåð 2: y2

1 − y2
2 + y2

3 + 1 = 0 (äâóïîëîñòíûé ãèïåðáîëîèä, r = 3)
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Àôôèííàÿ êëàññèôèêàöèÿ êðèâûõ
r = 2 r = 1
x2 + y2 = 0 (ìíèì. ïàðà ïåðåñ. ïðÿì.) x2 = 0 (ïàðà ñîâï. ïðÿì.)
x2 − y2 = 0 (ïàðà ïåðåñ. ïðÿì.) x2 = 1 (ïàðà ïàðàë. ïðÿì.)
x2 + y2 = 1 (çëëèïñ) x2 = −1 (ìíèì. ïàðà ïàðàë. ïðÿì.)
x2 − y2 = 1 (ãèïåðáîëà) x2 + y = 0 (ïàðàáîëà)
x2 + y2 = −1 (ìíèìûé ýëëèïñ)
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Àôôèííàÿ êëàññèôèêàöèÿ ïîâåðõíîñòåé

• Ðàíã 3

? x2 + y2 + z2 = 0 − ìíèìûé êîíóñ
((3; 0), (0; 3), a = 0, {(0; 0; 0)})

? x2 + y2 + z2 + 1 = 0 − ìíèìûé ýëëèïñîèä ((3; 0), a = 1, {∅})
? x2 + y2 + z2 − 1 = 0 − ýëëèïñîèä ((0; 3), a = 1)
? x2 + y2 − z2 = 0 − êîíóñ ((2; 1), (1; 2), a = 0)
? x2+y2−z2+1 = 0− äâóïîëîñòíûé ãèïåðáîëîèä ((2; 1), a = 1)
? x2 + y2 − z2 − 1 = 0 − îäíîïîëîñòíûé ãèïåðáîëîèä
((1; 2), a = 1)
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Àôôèííàÿ êëàññèôèêàöèÿ ïîâåðõíîñòåé
• Ðàíã 2

? x2 + y2 + z = 0 − ýëëèïòè÷åñêèé ïàðàáîëîèä ((2; 0), (0; 2))
? x2 − y2 + z = 0 − ãèïåðáîëè÷åñêèé ïàðàáîëîèä ((1; 1))
? x2 + y2 = 0 − ïàðà ìíèìûõ ïåðåñåêàþùèõñÿ ïëîñêîñòåé
((2; 0), (0; 2), a = 0, {îñü z})

? x2 + y2 + 1 = 0 − ìíèìûé ýëëèïòè÷åñêèé öèëèíäð
((2; 0), a = 1, {∅})

? x2 + y2 − 1 = 0 − ýëëèïòè÷åñêèé öèëèíäð ((0; 2), a = 1)
? x2 − y2 = 0 − ïàðà ïåðåñåêàþùèõñÿ ïëîñêîñòåé
((1; 1), a = 0)

? x2 − y2 − 1 = 0 − ãèïåðáîëè÷åñêèé öèëèíäð ((1; 1), a = 1)
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Àôôèííàÿ êëàññèôèêàöèÿ ïîâåðõíîñòåé
• Ðàíã 1

? x2 + z = 0 − ïàðàáîëè÷åñêèé öèëèíäð ((1; 0), (0; 1))
? x2 = 0 − ïàðà ñîâïàäàþùèõ ïëîñêîñòåé
((1; 0), (0; 1), a = 0, {ïëîñêîñòü yz})

? x2 + 1 = 0 − ïàðà ìíèìûõ ïàðàëëåëüíûõ ïëîñêîñòåé
((1; 0), a = 1, {∅})

? x2 − 1 = 0 − ïàðà ïàðàëëåëüíûõ ïëîñêîñòåé
((0; 1), a = 1)
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Ïðèìåð ïðèâåäåíèÿ ê êàíîíè÷åñêîìó âèäó
Óðàâíåíèå ïîâåðõíîñòè:
4x2 + y2 + 4z2 − 4xy + 4yz − 8xz − 28x + 2y + 16z + 45 = 0

Âûäåëÿåì ïîëíûé êâàäðàò (ñì. ïðèìåð ê ìåòîäó Ëàãðàíæà):
(2x− y − 2z)2 − 28x + 2y + 16z + 45 = 0
Çàìåíà:

2x− y − 2z = x′

y = y′

z = z′

Ïîëó÷èì: x′2 − 14x′ − 12y′ − 12z′ + 45 = 0
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